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Voronoi analysis of the breakdown of order in spontaneous optical spot patterns

G. Schliecker and R. NeubecKer
Max-Planck-Institut fu Physik Komplexer Systeme, tRoitzer Strae 38, 01187 Dresden, Germany
(Received 25 October 1999

In a nonlinear optical single feedback system, patterns of bright spots evolve spontaneously. Making use of
the Voronoi construction, the breakdown of spatial order in experimental spot patterns under increase of the
pump laser intensity is analyzed. The spot density is found to increase with the pump intensity. Our analysis
shows that maximum order is maintained for a finite range of spot densities and starts to break down at a
clearly detectable threshold value. The enhanced disorder with increasing density contrasts the behavior of
simple hard-core systems. A separate analysis of the metrical properties of the Voronoi cells in ordered and
disordered regions yields remarkably smaller nearest-neighbor distances in disordered regions. This suggests
that the creation of new spots is a governing mechanism for the observed breakdown of order.

PACS numbg(s): 05.65:+b, 64.70.Dv, 42.65.5f, 68.98g

The spontaneous evolution of spatiotemporal structures as Figure 1 shows a simplified diagram of the experimental
in heated layers of liquids, oscillating spirals in chemicalsetup. A laser beam is phase-modulated and reflected by the
reactions, or the onset of turbulence in flows can in principleLCLV read-out side and then fed back to the LCLV write
appear in any extended, open and nonlinear sy$t§mA  side, after propagation over the lendthin the experiment,
large number of systems follow a typical scenario with atthe intensity distribution at the LCLV write side is recorded.
least two instabilities: under an increase of the external conapgve a threshold intensity df,~50 wW/cn?, the initially

trol parameter, commonly the power flow through the sysyniform cross section of the beam breaks up into patterns of
tem, from a steady and uniform state first well-ordered, Stapright spots, typically in a hexagonal arrangement.

tionary and spatially periodic patterns evolve spontaneously. The theoretical description of the systdi is based on

Then, under further increase of the control parameter, _spatiq\INO coupled partial differential equations. A quantitative re-
order breaks down and the structures become dynamic. lation between the induced phase shift of the reflected beam

While there are mathematical tools to treat these system o . .
close to the first threshold.], far above the threshold in the Cf?(x,y,t) and the r_nod_ulatmg intensity,(x,y,t) at the write
ﬁ}lde of the LCLV is given by

complex, dynamic regime no analytic approaches exist. |
this region, a quantitative analysis of the states can be per-

formed only by means of empirical and statistical methods. b 12V2 + b — D ax 1)
The methods of stochastic geometry are known to form a T L B 1+ k]~ ~ o\
reliable and efficient tool for the characterization of order- cosit mvext_ Vin

s'w

disorder transitions in various planar systd3]. Here, we
apply for the first time the Voronoi construction to spot Ioat'with the transversal spatial coordinateandy and the time

terns in a nonllnea_tr optlca! system, in order to gain a deepetr' The temporal response and the spatial coupling within the
insight into evolution of disorder and the properties of theLCLV are included in lowest order with a relaxation time

states in the complex, dynamic regime. - : e
The optical system under consideration belongs to theT~50 ms and an effective diffusion length-30 nm. In

! } our system, diffusional spatial coupling does not cause the
class of thesingle-feedbacleystems{4]. In such setups, a . Spatial instability. The right-hand side of EfL) describes

uniform pump laser beam with a broad cross section i he nonlinear, saturable response of the induced phase on the
modulated by a nonlinear medium, freely propagates throug ' P P

a feedback loop and is then fed back to the nonlinear me- M L |P L M

dium. The combination of nonlinearity and diffractional spa-
tial coupling, resulting from the propagation, leads to a y [ Y
modulational instability. As consequence, spatial patterns
emerge in the transverse cross section of the light beam. t @ |
In our case, a saturable Kerr-type nonlinearity is provided
by a liquid crystal light valvgLCLV), which allows one to — BS
observe large aspect-ratio pattefffis-7]. The LCLV is a Laser - hild [I:|| — A
multilayer device with a phase-modulating reflective read- T Pump —modul.  LOLV
out and an absorptive write side. The spatial read-out phase pump
profile is determined by the light intensity distribution atthe g1 1. Schematic diagram of the setup: the expanded laser
write side of the LCLV. beam is reflected at the LCLV read-out side, thereby acquiring a

phase shift profile and is then fed back to the write side with the
beam splitter(BS) and the mirrors M. A spatial low-pass filter
*Present address: InstitutrflAngewandte Physik, Hochschulstr. (lensesl., apertureP) restricts the active wave numbers to the low-
6, 64289 Darmstadt, Germany. est unstable band.
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FIG. 3. Left: Average number of spots-() and the number of
six-sided Voronoi celliNg (<) plotted vs the relative pump inten-
FIG. 2. Snapshots of the experimental intensity distribution atSity Irei - Right: Fractionpg of six-sided cells ©), plotted against

the LCLV for I, =3.6 (Ihs) and|.,=5.16(ths. The typical diam- the corresponding average number of spots, togetherpfith(*),
eter of such a pattern is 6 mm. characterizing the presence of hexagonal domains.

o . ~ measure, we have determined the average number of spots,
write |nten5|tyJW. Veyi IS the scaled external supply voltage N, for each fixed pump intensity,.,. Figure 3 shows an
of the LCLV, Vi, describes an internal threshold, and s almost monotonic increase df(1,,)), reflecting an increase
are device specific parameters. Here, we are concerned Wit} the spot density since the constant cross section of the
a nonlinearity of self-focusing typed(/dl,>0) only[7,9].  |aser beam fixes the active area. Correspondingly, the typical
Due to the propagation, the spatial modulation of thespot distances decrease. Although the predictions of the lin-
phase shift is transformed to the intensity profile at the writeear stability analysis are questionable far above threshold,

side of the LCLV, this change in the typical length scale is approximately
] 5 s within the broadening of the unstable wavenumber band.
lw=|exg —i(L/2ko) V] exp(—id)[l, . 2 For the geometrical analysis of the spot patterns, methods

are needed which apply to systems with a finite number of
. ) . . X objects in a spatially restricted region. One tool, well-known
wave equation, with the dg‘fracznonzdes;:nb%d by the operatogom the characterization of melting processes, is the calcu-
exp(-iL/2koVY), where Vi=g%/dx"+d°/dy”. The propa- |ation of pair and triple distribution functions. This has been
gation length id. andK, is the wave number of the light.  anplied previously to similar experimental patterns for a de-
Inserting Eq.(2) into Eq. (1), we end up with a single  focysing nonlinearity, yielding a threshold behavior from or-
nonlinear partial differential equation. A linear stability ger to disordef5]. As we will show here, deeper insight can
analysis of this mod€l7], predicts a critical transverse wave pg gained from the Voronoi constructig0] due to the
numberk.~ yL/kq to become unstable above the threshold,diagnostic ability of the Voronoi cells for the local and glo-
determining the typical pattern length scale. Far above thgg| spatial arrangements of the spots. A Voronoi cell is as-
threshold, the single critical wave number broadens to a Consigned to each spot containing all points in the plane closer
tinuous band of active wave numbers. to the center of the generating spot than to any other spot
Object of our analysis are the experimental spot patterngenter. The Voronoi construction has also found wide appli-
obtained for different values of the pump laser intensjty  cation in the characterization of the two-dimensional melting
If the system is not driven into saturation, just above threshf2 3]. In these systems, the perfectly ordered structure is ob-
old stationary patterns of hexagonally arranged bright spotgained at highest packing fraction, characterized by Voronoi
develop. Under further increase of the pump laser intensitgells which are regular hexagons. With increasing disorder,
the spots begin to move, and the initial order breaks dOW%e”S with smaller and |arger numbers of edgéefect$ ap-
The pump intensities considered here range from a value juglear, whereas the average number of sides of a cell is always
above the threshold of pattern formatioff) to an eight six [10]. Hence, the construction of Voronoi tessellations
times larger value ofre|EIp/I§ﬁ)$8. allows to compare the degrees of order in the spot patterns
Up to this value, individual spots of approximately the with those from completely different pattern forming sys-
same size are identifiable, which allows to reduce the contems, as, e.g., the cellular structures innBel—Marangoni
tinuous intensity distributions to the coordinates of a spatiatonvectiond11].
arrangement of individual spots. Typical snapshots of experi- We have generated the Voronoi tessellations of the spot
mental spot patterns are shown in Fig. 2. We define the lopositions for each snapshot separately. In order to avoid
cations of the spots as the centers of mass of islands of pixelsundary effects, cells at the boundary of the active area
exceeding a certain threshold value. For each fixed pumpave not been taken into account. Parts of two typical
value, the spot positions of snapshots at ten different time¥oronoi tessellations generated from experimental spot pat-
have been determined. For the dynamic patterns, the periaérns are shown in Fig. 4. In the tessellation obtained for the
between two snapshots is chosen larger than the typical tenewer relative pump intensitya), large domains of hexago-
poral correlation time. The following quantities obtained for nally arranged spots can be detected. These domains shrink
a fixed pump value are averages over these ten realizationith increasing pump intensitib) due to the generation of
The number of spots is not a conserved quantity. Particudisordered regions with smaller cells. Typical arrangements
larly in the dynamical, disordered regime, spots are fre-of dislocations, as observed in crystals at the melting transi-
quently created and annihilated, as already described earliéion [2,3] or in the Beard-Marangoni cellular structures
for numerical simulations of a similar systddh]. As a first  [11], are hard to find in these tessellations in Fig. 4.

Equation(2) is based on the paraxial approximation of the
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FIG. 4. Parts of the Voronoi tessellations generated by the spot positions of two snapshots, taken at relative pump intenSites)
andl,.;=5.16(b). The circles mark spots, appearing on the vertices of a local regular grid.

For the spot patterns, the calculated average number @&rn can bear only a certain number (@fdditiona) spots.
six-sided cellsNg, is represented in Fig. 3, left, as a function Above a critical value of the spot density, this spatial order
of the pump intensity. Perfect order is never achiewdg: breaks down.
<N for all pump intensities. We assign the lack of perfect In order to gain a better understanding of the unusual
order even at low pump intensities to experimental imperfecdensity dependence of the breakdown of order in the spot
tions like the presence of spatial inhomogeneities of the oppatterns, the metrical properties of the cells are considered
tical nonlinearity. now. One great advantage of the Voronoi construction is that

A commonly used measure of the degree of order is th¢ enaples us to distinguish spots in locally ordered from
relative frequency of six-sided cellpg=Ng/N. The picture  thnse in disordered regions. Whereas the distribution of areas
becomes clearer, plotting its dependence on the average Spitihe vioronoi cells yields no further significant information

ngrﬁ.bir(':'?' 3, ”?hb',':or low P“mdp mtdensmes, the plfateau (not shown herg additional information can be gained from
of high values ofpg Is maintained under creation of NeW e gatistics of the areas of the cells’ largest inscribed

f}g‘:‘fé dA(;e,z\ln:itl10i,elzgvge:j/2::’ret2§ p'?ltg;%iﬁhigg;‘:’ér;gik?n'circles, centered at the spot positions. The circle #g#&s
Yy N 9 simply related to the nearest—neighbor distarte A,

able decay ofbg, showing evidence for a distinct threshold ™ 2 T ;
for the onset of disorder. The corresponding pump value of 7(d/2)". In an ordered system, the distribution of circle

l,e;~4.3 agrees with findings from entirely different ap- areas exh_ibits anarrow peak, Whe_reas for a random di_stribu-
proaches[7,8]. Our result differs completely from simple 10N Of points, it decays exponentially. In Fig. 5, the histo-
hard-core systems, which tend to order with increasing der@"@ms of the circle area&; are shown for three different
sity. relative pump intensities. We have distinguished the contri-
Furthermore, the fraction of defects in the spot patterns?unons from cells belonging to hexagonal domains - as de-
even at low pump intensities, is remarkably larger than infined aboveblack barg and those from all other cellsvhite

most other systems at the order-disorder transitiys,11]. ars. . . . .

For Voronoi tessellations of simple hard-disk systems e.g., At @ relative pump intensity ;=3.6, whenpg has its

[3], all values ofps, obtained here, would correspond exclu- Maximum valueN(A.) exhibits a strong peak at large val-
sively to the fluid phase which has a minimal value ofUeS OfAc~40 a.u., dominated by the cells from ordered
pffVT: 0.29 for an uncorrelated gas at vanishing density. hexagonal domains. Just above the critical pump intensity at

Due to the relatively high fraction of defects, it is not

clear how much the six-sided cells are gathered in domains SARARERLRERERE N RN} ]
with locally high hexagonal order, i.e., whethgy is still a 20fF =36 4 20f 20 £ W 1.=7-64
reliable measure for the degree of spatial order. A simples | ] ; ; ]
estimate of the fraction of spots arranged in hexagonally or-~ '° [ H“H ] or Hm ]
dered domains can be performed by the measurement of th 3_]'||'|1rﬂH H‘_i o rrnn,,l,i

. S ok 0
relative frequency of six-sided cells, surrounded by at least 0 20 40 60 0 20 40 60 0 20 40 60

four six—sided cells,pi®*. The quantitative behavior of A, 4. A.

he ; ; :
pe”", represented in the right-hand panel of Fig. 3, clearly g 5. Average number of cells with circle arda (in arbitrary

SEOWS that the_ d_ecrease pf is caused by the decrease of ynitg. Black bars represent the contribution from hexagons with at
pe®* and thus is in fact a consequence of the breakdown okast four six-sided neighbors. White bars represent the contribu-

hexagonal domains. We conclude that a regular hexagon patens from all other cells.
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l,e;=5.16, a distinct second peak at much smaller afeas Propagation length. This happens, while the light wave in the

~20a.u. builds up, and the distribution becomes bimodal{€€dPack system propagates from the LCLV read-out to its
coinciding with the breakdown of order, we observe the ap_erte side, supporting the evolution of well ordered, periodic

; ) atterng 9]. On the other hand, a single spot can be created
pearance of a new type of spots with small nearest—qelghb(ﬁy a self-focusing effect. A bright spot belongs to a peak in
d|staqces. In the disordered reg|me,lgﬁ=7.64, the rlght the induced phaseb(x,y), representing a small induced
peak inN(A;) as well as the hexagonal domains have disaptens. This lens focuses the pump light onto its position on the
peared almost completely, whereas for small circle areas.CLV write side, such in turn supporting the phase peak.
N(A;) shows a strongly enhanced weight. This result alsorhe latter can in principle happen, wherever enough pump
indicates the existence of a distinct minimum distance beintensity is supplied, i.e., also between spots of an existing
tween spots. Remarkably smaller nearest-neighbor distanc&&xagonal pattern. Consequently, self-focusing will become
with increasing disorder have also been reported for the tomore dominant with increasing pump intensity. Also, this
pological defect structures in a chemical reaction-diffusionlocal effect is probably promoted by spatial inhomogeneities.
system at the transition from rotating spirals to spatio—A COmpetition appears, since the Talbot effect disfavors such
temporal chao12]. deviations from an ideal periodic pattern.

Our results lead to the conjecture that in the experimental ' N€ relation between spatial order and dynamics so far is

case with increasing density, spots are preferably created pBOt clear. One pQSS|b|I|ty med be that when newly fprmed

tween hexagonally ordered spots. This mechanism would expPOts cannot be integrated into a regular pattern, the Interact-

plain the coincidence of the breakdown of hexagonal doind spots will not come 1o rest. They keep moving, trying to
eep their mutual minimal distance.

mains and t'he strongly enhanced yvelght at smaller neareslf- To conclude, the clearly detectable breakdown of order in
neighbor distances. In fact, typical examples of spots .. . .
optical spot patterns neither resembles a melting process nor

appearing on vertices of quite regular tessellations or at dis; o SN i .
locations of the hexagonal grid can be detected in thsthe order-disorder transition in Bard-Marangoni structures.

Voronoi diagrams represented in Fig. 4. We have markei'/lak'.ng use of an extension of the class[cal Voronoi analysis,
we find strong evidence that the creation of spots between

these cells by large circles centered at the positions of thg ots in originally ordered regions in combination with the
additional spots. The shape of these cells appears triangularp gihatly 9
. ; . . Jrfegular motion destroys the order.
their area simply seems to cut parts of the three neighboring
cells. The experiments were performed by Bernd fihg at
The competition of two physical mechanisms, which gov-the Institute of Applied Physics at the Darmstadt University
ern the formation of the spot patterns, may explain our obof Technology. R.N. would like to thank M. B&or his
servations. On one hand, the Talbot effect describes the exastipport and the Max-Planck-Gesellschaft for the opportunity

repetition of a spatially periodic wave front after a certainto work at the MPI-PKS in Dresden.
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